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LINEAR FACTORIZATION OF
CONICAL POLYNOMIALS

OVER CERTAIN NONASSOCIATIVE ALGEBRAS
BY

J. LEPOWSKY (1)

ABSTRACT. Conical polynomials are defined as certain polynomials in
quadratic elements of the universal enveloping algebra of a semisimple symmetric
Lie algebra over a field of characteristic zero. These polynomials were used in an
earlier paper to describe the conical vectors in certain induced modules. Here it
is shown that when the base field is extended to a certain type of nonassociative
algebra, the conical polynomials can be factored “linearly”. One such nonassocia-
tive algebra is discussed in detail—an (alternative) composition algebra intimately
related to the structure of the Lie algebra and studied earlier by B. Kostant in the
context of real semisimple Lie algebras. The linear factorization leads in a later
paper to an extension of the earlier work on conical vectors in induced modules.

1. Introduction. In [3(b)], certain conical vectors in induced modules for a
semisimple symmetric Lie algebra g were found. These vectors were expressed by
means of polynomials {; in certain quadratic elements q_, and q_,, of the uni-
versal enveloping algebra of g (see the Introduction and Theorem 10.1 of [3(b)]).
We call the §; “conical polynomials” (cf. §4). They are products of factors of the
form q_, and an +j 2q_2a (j an integer). In order to prove the main result
(Theorem 10.1) of [3(b)], we had to use “transfer principles” to reduce to a
special case in which the double root space g2 is one-dimensional. The base
field could also be assumed algebraically closed. The necessary computations
could be performed in this case because q_,, has a natural square root r_,, €
g~2%, permitting the quadratic expressions an +j 2q_2 o to factor “linearly” as
(@eg + (=1)%jr_3) (@_q —(=1)%jr_5,). (See [3(b)].) It is natural to ask for
a direct proof (not requiring the transfer principles) of the main result of [3(b)],
and we are led to try to adjoin a square root of — q_,,, to the polynomial alge-
bra k[q_y,q_,q], to be used the way (—1)"r_,, was used when dim g2* = 1.

In this paper, we describe a general method for extending the base field, not
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to a larger field, but to a certain type of nonassociative algebra, so that a square
root k_,, of — q_,, can be constructed over the extension (see Proposition
4.3). The subalgebra of the extended universal enveloping algebra generated by
q_, and K_,,, turns out to be the commutative, associative polynomial algebra
generated by these elements (see Theorem 4.6), so that the conical polynomials
can be factored linearly just as when dim g2* = 1 (Theorem 4.7).

Two nonassociative algebras which can be used for this extension are a cer-
tain Jordan algebra and a certain Clifford algebra. The most interesting, though,
is a composition algebra ¢, (based on a given restricted root y) which is the sub-
ject of §§2 and 3. The algebra c , is defined in §2 using a choice of B,-noniso-
tropic vector e, € g¥ (see §2), and its elementary properties are proved there.
In §3, we show that ¢, is an (alternative) composition algebra and hence a Cay-
ley-Dickson algebra, that ¢, is independent of e, up to isomorphism, and that
¢, is isomorphic to ¢ _,. For real semisimple Lie algebras with Cartan decompo-
sition, the existence and properties of ¢ p are known, and ¢ pisa division alge-
bra in this case (see [2(a), p. 635, Remark 4]). This is implicit in B. Kostant’s
proof of the Kostant-Mostow double transitivity theorem, and our treatment is
based on his; cf. [2(b), §2.1] and [3(b), §4]. The alternativity of ¢, (Theorem
3.1) is intimately related to Kostant’s proof of the double transitivity result.

Unfortunately, we have been unable to use these ideas to carry out our
original goal of giving a new direct proof of Theorem 10.1 of [3(b)] for the
cases dim g2* > 1. But the linear factorization of the conical polynomials has
led us to a considerable extension of that theorem, to appear later [3(c)]. (Inci-
dentally, using another approach, we have found a direct proof of Theorem 10.1
of [3(b)], also to appear later [3(c)].)

We refer the reader to [4] and [1] for information on alternative and
composition algebras, and other nonassociative algebra concepts that we shall use.

2. Definition and elementary properties of ¢ ,. We shall work in the setting
of [3(b)]. Let (g, 8) be a semisimple symmetric Lie algebra with symmetric de-
composition g = £ @ p over a field k of characteristic zero, and let a be a split-
ting Cartan subspace of §. Let m be the centralizer of a in £ and £ C a*

(* denotes dual) the set of restricted roots of g with respect to a. Also let B

be the Killing form of g and B, the nonsingular symmetric bilinear form on g de-
fined by: B,(x, y) = — B(x, 0 y) for all x, y € g. Then the root space decompo-
sition g = g ® L ¢y g*, with g% = m @ a, is By-orthogonal, and B, is non-
singular on m, o and each g¥. Denote by (*, *) the resulting nonsingular sym-
metric bilinear form on o *. For each ¢ € o™, define X, € ato be the image of
¢ under the canonical isometry from a* to a. If (¢, ¢) # O (for example, if ¢ €
Z), define h, = 2x,/(p; ¢) € a, so that o(h,) = 2. Then h,, = %h,, for all

@€ Z (even if 29 € Z).
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Fix ¢ € Z. The space g2¥ © g~2¥ (which might be zero) is f-stable. Let
pg be its intersection with 1y, so that the map

Pe A2 2 -
ip g —ho, xi>x-0x

is a linear isomorphism. Also, i,
B, | pf, X p:.

Define ¢, = kh, , ® ]33. This is an orthogonal direct sum of nonsingular
spaces for By and B. These two bilinear forms are equal on ¢ o (and on all of p),
and are nonsingular on ¢ 0

Fix a By-nonisotropic vector e, € g¥. Then by [3(a), Lemma 3.3],

is an isometry from 2B, [g%¥ x §2¥ to

[eoa - eeo] = Bo (eoa eo)x¢ = %(‘p: ‘P)Bo (eo: eo)h¢ .

Let ¢y = Ya(p, 9)By (eg, €o) and f, = — fe,, so that [ey, f] = cohy,, and ¢y # 0.
Let X be an extension field of & such that ¢, has a square root in K. (For
example, K may be an algebraic closure of k.) Define g5 = g ®, K, £4 = ¢
®, K, etc., and denote again by § the K-linear extension of 6 to gz . Then
(8> 0) is a semisimple symmetric Lie algebra over K, a is a splitting Cartan
subspace of i, etc.
Regard ¢, and f, as elements of 3 ., and define e, € (8¥)k and f €
(3 ™)k by the formulas e, = c5* ey and f,, = cg* f,. Then f, = —ge,, and
[e‘p, fwl = h,,. Inside the three-dimensional simple K-subalgebra of g, spanned
by hp, e, and f_, let

Yo =Yle, +f,) Epx and z,=Y%(e, - f,) € tg.

We are now ready to define our nonassociative algebra structure on ¢ 0
First define such a structure on (¢ ¢)K as follows: Forallg, b € (¢ «p)K’ let

aob=[[y,,al,lz,,b]].

We shall see below that @ o b € (c,,)x. Assuming this, it is clear that if g, b €
¢ysthenao b €c,,. Infact, a0 b is given by the following expression over k:

a0 b= (4c) (lleg, al, leg, 811 = [y, al, [ fy, B]]
- [[eo’a]’ [fo» b]] + [[fo’ a]a [eo9 b]])

The following two propesitions will be proved together:

ProposiTION 2.1. The space ¢ 0 is closed under the product a o b, and
h, 0 is the identity element of the resulting nonassociative algebra. The conjuga-



240 J. LEPOWSKY

tion a +> a of Cy with respect to the decomposition Cp = khw (53] p‘zp is an
antiautomorphism of ¢ 0 Let N and T be the corresponding norm and trace func-
tions on ¢ 0’ ie.,

goa=aoca=N@h,, ©N@Ek)
and
a+a= T@h,, (T@)€EK)

foralla € ¢y Then

N(@a) = (v, ¥)B, (@, a) = (¢, ¥)B(a, a)
and
T(@) = 2(¢, ¥)By (1, @) = 2(p, V)B(hy,, a).

In particular, N is a nondegenerate quadratic form on ¢ 0 with associated bilinear
form (¢, ¢)By(*, *), and T is a linear form on ¢ 0 with kernel pz. Also, if x €
2%, then

N(i¢x) = 2(¢: ‘p)BO (x’ x)‘

PROPOSITION 2.2. Suppose k =K, and let g = [f,, g] forallg € g. For
dlx, y € g2¢,

(i¢x) ° (l¢y) == 2(909 (p)Bo(x, y)hzw - %i¢ [x*’y*]‘

ProoF. In proving these two propositions, it is clearly sufficient to assume
that k = K, and that this field is algebraically closed. First note that for all g,
be Cys

aob="%([a%b*] — [ax, bs] — [a%, by] + [a4, b"]),
where g* denotes [ew, g],forallg € g. Since (hzw)* =-—e, and (hz‘p)* = fw’
it is clear that iy, o hy, = h,,. Foralla € p??,

h, oca= %(— a** — Qyy T (a*)* + (a*)*)'

2¢

Writing ¢ = i,x = x — 0.x for x € g?%, we have

hypoa= H(OX)™ — Xpq + ()" — (0%)*)s).
By the representation theory of the three-dimensional simple Lie algebra spanned

by h,, e, and f,, we have ((0x)*), = 40x and (x,)* = 4x (cf. [3(b), Lemma
4.15]). Also, X, € m by [3(b), Lemma 4.11], s0 that X4, = 0x,4 = (0x)**.
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Henceh2¢0a=x—0x=a. Similarly,aoh2¢=afora11a€]32,andso
h oa=aoh2¢=aforalla€c¢.
Now let x, y € g%%. Then

29
(@x) o (,7) =@ —0x)o (¥ - 0y)
= ’/4([(0x)*, (0}’)*] — Pres sl + [(Gx)*,y*] - [xs, (Gy)*])
=W(— [x4,p4] TO0[xe, 4] + [(Gx)*,y*] — Prss (0.}’)*])
= — Wi, [xe, vl + %O, ¥4l — Bas 0)*])

(note that [xy,7«] € g2¥). Let C(x, y) be the second term of this last expres-
sion. Then C is bilinear in x and y, and C(x, y) = C(», x), i.e., C is symmetric.
But

C@x, x) = %([0%)*, x4l — [x4s 0%)*]) = — %[x4, (6%)"]
= %[xy, 0x,] = — %By (x4, X)X, (by [3(a), Lemma 3.3])
= %B(xx, — (0x)*)x, = %B((x4)*, 0x)x,, (since B is invariant)
= 2B(x, 0x)x,, = = (¢, ¥)By(x, ), = = 2(p, ¥)By(x, XDy,

Since — 2(p, ¥)By(x, y)hw is a symmetric bilinear expression in x and y which
agrees with C(x, y) when x = y, it must also agree for arbitrary x, y € g2, by
polarization. Thus

(l.‘px) [} (l‘py) = - %i‘p[x*’y*] - 2(‘10: ‘p)Bo(x' y)h2¢

for all x, y € g2, proving Proposition 2.2, as well as the fact that ¢ o 18 closed
under the nonassociative multiplication.

To show that the conjugation @ +— a of ¢, is an antiautomorphism, it is
sufficient to check that ((iwx) o (,¥)” = ()0 (i,x) forallx, y € 32"’. But
this is immediate from Proposition 2.2.

Leta =ch,, +i,x € c,, where c €k and x € g%, Then

a0 a@ =c’hy, ~(i,x)o (i,%) = (c? + 2, 9)By(x, X))hy,.
But By (x, x) = Y% By (i, x, i,x), and By(h,,, h,y,) = 1/(¢, ). Hence

aoa = (yp, cp)(Bo(chw, chy,) + Be(i(px, iy X)) hyy, = (¢ ¥)B,(a, a)hw,

and so N(a) = (¢, ¥)B,(a, a). The rest of Proposition 2.1 is clear. Q.E.D.
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3. The alternativity of c .

THEOREM 3.1. The nonassociative algebra Cy is alternative.

Proor. We may, and do, assume that k is algebraically closed. Since Cy
has an antiautomorphism (see Proposition 2.1), it is sufficient to show that a o
(@ob)=(aoca)obforala bEc, Wemay clearly assume thata, b € p;.
By Proposition 2.2, what we must show is that for all x, y € g2,

(%) o %) » Gp2)) = = 20, DBy, )G, 7).
Asin §2, write g, = [f,,g] forg € g. Letx, y € g2¥. Since [x4,y] =
[x, y«] =0, we have [x4,¥]s = [x, yalu = 0, 1., [xa, Ya] = — [Xas, ¥] =
— [x, 4] . Thus by Proposition 2.2,
(,x) o (1, 9) = = 200, 9)By(x, YIhy, + Yhaiy [x gy, V1,
and
(%) 0 ((,%) o (i, 7)) = — 2(0, 9)By (%, ¥) (i, X)
— %0, By(x, [, YaslVzy + (1/16)i, [xs, [eano¥]]-
But the middle term on the right is zero. Indeed,
By(x, [x, yxxl) == BOx, [x, yxx]) = B([%, 0], xs),

and this is zero because [x, 6x] € p (since 6 [x, 6x] = — [x, 6x]), while y, €
m, by [3(b), Lemma 4.11]. Hence it is sufficient to prove:

LEMMA 32. For all x, y € ¢*%,

Pesss [xans Y11 = 3200, 9) By (x, ¥)x — By(x, x) »).

ProOF. Write g* = [, g] for g € g. Let u = pyy and v = x4, s0 that
in the notation of [3(b), Lemma 4.14], u, v € m,. We also have u* =6y, and
u** =24y (cf. [3(b), Lemma 4.15}), and similarly, v** = 24x.

By [3(b), Lemmas 4.18 and 4.19], applied to # and v in place of x and y,
respectively, we have

[y, ], v**] = [, v] g, V**1 + [[, V15, v™*] = %[[u, v] 4, v**],

where the subscript notation is defined in [3(b)] before Lemma 4.18. Suppose
that B, (u™**, v**) = 0 and that B,(v**, v**) = 1/2(¢, ¢). Then by [3(b), Lem-
ma 4.22], [[u, v], v**] = — (1/36)u™*.

Reformulating in terms of x and y, we have that if By(x, y) = 0 and
(24)2Bo(x’ x) = 1/2(50, (P), then [[y**a x**] 4 JC] =- (1/36))” i-e-,
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([ s X ax] s x] == 32(p, 9) By (x, x) y.

This last equation is clearly true whenever B, (x, y) = 0 and B, (x, x) # 0. The left-
hand side equals

([ sa X1 Xaad + [Vas s X1] = 110 Xaead s Xaese] — [aner [, X1 ]
(see the beginning of the proof of Theorem 3.1)
= [Xsus [Xans Y11
Thus under our assumptions,
[Xsses o Y11 = = 32(0, ¥)By(x, x) y.

Suppose now that B, (x, x) # O but that y is arbitrary. Applying the above
to By(x, x) ¥ — B,(x, y)x (which is By-orthogonal to x) in place of y, we get

[x**’ [x**’ y]] = 32(‘pa ¢)(Bo(x’ y)x - Be(x’ x)y).

But for each fixed y, the two sides of this equation are polynomial maps (in x)
from g 2¥ into itself which agree on the Zariski dense subset on which By(x, x) #
0. Hence the equation holds for all x, y € g%¥, and so Lemma 3.2 and Theorem
3.1 are proved. Q.E.D.

Using E. Artin’s theorem that the subalgebra generated by any two elements
of an alternative algebra is associative (see [4, p. 29, Theorem 3.1]), it is now
straightforward to show that the norm function N of ¢, permits composition, i..,
is multiplicative (see [4, p. 58]). By Proposition 2.1, N is a nondegenerate qua-
dratic form on Cy Recalling that a composition algebra is a nonassociative algebra
with a nondegenerate quadratic form permitting composition (cf. [4, p. 73] or
[1, pp. 162—163]), we now have:

THEOREM 3.3. The nonassociative algebra Cy is a composition algebra.

By the standard structure theorem for composition algebras (see either [4,
p- 73, Theorem 3.25] or [1, p. 164, Theorem 5]), ¢, is built up by the Cayley-
Dickson construction from k. That is:

CoRrOLLARY 34. The dimension of ¢ o I8 either 1, 2, 4 or 8, and one of
the following holds:
@ c,=k
(i) dimc, =2,and pg is spanned by an element whose square is in k,
so that ¢, is associative and commutative;
(iii) ¢ 0 is a 4-dimensional quaternion algebra with standard involution over
k, so that ¢y is associative but not commutative;
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@v) c, is an 8-dimensional octonion algebra with standard involution over
k, so that c , is neither associative nor commutative.

Since a nonassociative algebra obtained by the Cayley-Dickson construction
from k is determined up to isomorphism by its norm (see [4, p. 70, Theorem
3.23] and its proof), and since the norm on ¢  is as described in Proposition 2.1,
we have:

14

THEOREM 3.5. The isomorphism class of Cy is independent of the By-non-

isotropic vector e, € g¥ used to define it. Moreover, C_,, is isomorphic to ¢ ,.

4. Linear factorization of conical polynomials. For a nonassociative algebra
A (with 1, over k) , define the commutative nonassociative algebra A* by means
of the producta * b given by a - b = % (ab + ba), where a, b € A and ab denotes
multiplication in 4. If A is associative or even alternative, then 4™ is a special
Jordan algebra (see [1, p. 15, Theorem 3]).

Let w be a symmetric bilinear form on a finite-dimensional vector space V.
Then k © V becomes a Jordan algebra when we let 1 € k be the identity and vw
= w(v, w) €k for all v, w € V (see [1, pp. 13—14]). It is called the Jordan alge-
bra of w. Let C(V, w) be the Clifford algebra of w. Then the Jordan algebra of
 naturally injects into the Jordan algebra C(V, w)* (see [1, p. 261, Theorem 1]).

Call a nonassociative algebra 4 together with a linear injection j: k ® V —
A w-admissible if j is an injection of the Jordan algebra of w into A*. This is
equivalent to saying that j(1) = 1 and for all v € ¥, j(v)? = w(v, v)1 in 4. In-
tuitively, this means that we can take the square root of w in A. We shall say
this in another way in Proposition 4.1 below. Note that the Jordan algebra of w
(with the identity map j) is w-admissible, as is C(V, w) (with the natural map j).

Denote by S(W) the symmetric algebra of a vector space W, and by S"(W)
(r=0,1,2,...) the rth symmetric power of W, so that S(W) = L1S"(W). The
homogeneous quadratic polynomial function v +— w(v, v) on V defines a canoni-
cal element ¢, € S%(V' ™).

Suppose that 4 is w-admissible, and identify ¥ with its image in A. Form
the tensor product S(V'*), =A4 ®, S(V*), and make S(¥*), a nonassociative
algebra by the natural definition: (z ®s) (¢’ ® s') = aa’ @ ss’, where g, ' €A
and s, s’ €S(V'*). (We are “extending scalars” from k to the nonassociative alge-
bra A.) Then ¥ ® V* = End V is naturally embedded in S(V *) 4. Let ¢, be the
canonical element of ¥ ® V'* corresponding to the identity map in End V. The
next result says that ¢, € S2(V'*) (which is esentially w) has a canonical square
root, not in SI(V*)=V*,butin VO V*C A QS (V*):

PROPOSITION 4.1. In S(V*) 4,12, =1t,,.
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PROOF. Letv,,...,v, be an w-orthogonal basis of ¥, and v}, ..., v}
€ V* its dual basis. Thent, = Z, v, ® v, But since A is w-admissible,
v? = w(,;, ;)] foralli=1,...,n,and v;v; + v = 2w (v;, v;) = 0 for all
i #j. Thus &, = 20, w(;,v;) ©)? €S2(V*), since S(V*) is commutative.
It is clear that this element is just ¢ ,, since the two act as the same polynomial
function on V. QED.

Now suppose that w is nonsingular. Then w induces a natural linear isomor-
phism £,: V* — V, which extends to an algebra isomorphism £, sS(v*—
S(V). Letp, =&,(t,), so that p, €S8%(V). Since 1 ® £, A®S(VY) —

A ® S(V) is an algebra isomorphism from S(V*)A to S(V), (=4 ®S(V)), we
have, lettingk , =(1®£,) (1, )EVOV:

ProrosiTION 42. In S(V),, k2, =p,,.

Returning now to the setting of §2, recall that the symmetric bilinear form
@, = — (¢, )B, | p is nonsingular on h2. Call a nonassociative algebra 4 '
(together with a linear injection from k & pf, into A) ¢-admissible if it is w -ad-
missible. In addition to the Jordan algebra of w, and the Clifford algebra of W,
note that by Proposition 2.1, the composition algebra ¢, is p-admissible.

Assume that 4 is g-admissible, let G be the universal enveloping algebra of
g» and form the nonassociative algebra G; =4 ® G. Identify -p 3 with its image
in 4.

Asin [3(b), §§4 and 5], for ¥ € Z, let £, € S%((g¥)*) be the canonical
quadratic form on g ¥ defined by By, let &, : S((g¥)*) — S(g"¥) be the canoni-
cal isomorphism defined by By , let p,, = £, (z,) € S*(g¥), and let q,, =
2Mpy)(W, V)€ G, where A\ is the symmetrization mapping from S(g) to G. We
shall apply this to the cases Y = g and ¥ = 2¢. If 29 & Z, take thys b2y Pays
and qyy to be zero.

Lett,, €% ® (g2¥)* =~ End g2¥ be the canonical element correspond-

ing to the identity map, and let
Ky = (1/2(0, ) (G, B £5,) () € p5 ® 3P CABG =Gy
PROPOSITION 43. In G4, K}, = — dz,-

PROOF. Since i,,: g 2 — p2 is an isometry from 2By to By (see §2), the
embedding i, g2¥ — A makes A admissible for the nonsingular symmetric bilinear
form w = — 2(p, 9)B, on g 2¢, Using the notation preceding Proposition 4.2,
we have

by, =G, ®1) () EA B ()", 1, =20, 0ty

£, IST(%)") = — 2(0, V)%, 15 (3 **)"),
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£, 182((3%9)") = 4(p, 9)°%,,15%(329)%),
P = £u(t,) = = 8(90, ©)°6y, (t2,) = — 8(4, ©)°p,,,
Ky = (1 ®E,) () = (G, ®L,) ()
== 29, 9) (, ® &) (4,,) € p; ® §%2 CA®S(3?Y).
Thus by Proposition 4.2,
(G, ® &) (4,)* = — 2p, V)p,, in A ®S(3%%).

But A is an algebra injection of S(g2¥) into G. Hence applying 1 ® A to the last
equation gives the desired result. Q.E.D.

Recall that the center of a nonassociative algebra is the subalgebra of its
nucleus consisting of the elements which commute with every element of the alge-
bra (see [1, p. 18]). In order to show that the subalgebra of G, generated by d,
and k,,, is associative, we prove the following general fact:

LeMMA 44. Let B be a nonassociative algebra (with 1), C a subalgebra of
the center of B, and D an associative subalgebra of B. Then the subalgebra of B
generated by C and D is associative.

ProoF. Letr, s, t be nonnegative integers, and let x,x, =+ x,, ¥, ¥, ***
ysand z,z, * ** z, be nonassociative products in B (with some distribution of
parentheses) such that each x;, y; and z, is in either C or D. It is sufficient to
prove that the associator

(xl...xr’yl ...ys’zl‘..zt)=0'

We do this by induction on r + s + ¢. The result is clear if r + s + # < 3. As-
suming the result for 7 + s + ¢t <n (n = 3), we shall prove it forr + s +¢ =n.
We may assume that 7, s, # <n. By the induction hypothesis and standard argu-
ments, parentheses are not necessary in any of the three products appearing in the
associator. Thus since C is a central subalgebra and D is a subalgebra, each of
these products can be reduced to the form cd, with ¢ € C and d € D. Hence it
is sufficient to show that (c,d,, c,d,, c3d;) =0 forc; € Cand d; €D. The
c; being central, it is sufficient to show that (d,, d,, d3) = 0, in view of [1, p. 18,
formula (31)]. Since D is associative, we are done. Q.E.D.

We can now prove:

PROPOSITION 4.5. The subalgebra of G, generated by q, and K2y is
associative.

ProoF. Let E be the (commutative) subalgebra of G generated by q,, and
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g 2%, and let B=A ® E, a subalgebra of G 4- E is clearly contained in the nu-
cleus and the center of B. Let C be the subalgebra of E generated by q,,and D
the subalgebra of B generated by K,,- Using Proposition 4.3, it is easy to see
that D is associative, as in the proof of Lemma 4.4, for example. Now apply
Lemma 44. Q.ED.

The following result is immediate:

THEOREM 4.6. Let A be a p-admissible nonassociative algebra, for example,
the composition algebra Cor the Jordan algebra of — (¢, ¢)By | pf,, or the Clifford
algebra of this bilinear form. Define K, € G4 =A ®G as above, and let 4, and
45, be the quadratic elements of G defined in [3(b), §5], so that q, and q,,
generate a polynomial algebra P, in two variables (one variable if 29 € Z). Then
x;‘, ==y, the subalgebra Q¢ of G, generated by q, and Koy is the (commuta-
tive, associative) polynomial algebra in these two generators (in q, if20€ %),
and Q¢ = P‘p ®Pw"2sp°

Define the conical polynomials g'% (€EG (=0,1,2,...) as follows:

-1
§¢1= H (Q:+l6j2q2¢)
j=1;jodd
if I is even, and

-1
§¢,1 =dy H (q: + 16]'2(12“,)
j=2;jeven
if I is odd. Except for a modification when dim g¥ = 1, the §o,1 foro=-a)
are the polynomials ¢, used to describe the conical vectors in the main result
(Theorem 10.1) of [3(b)].
Our final result follows directly from Theorem 4.6:

THEOREM 4.7. In the notation of Theorem 4.6, the conical polynomial
§'¢’ 1€G(1=0,1,2,...) factors in G into the following 1 “linear” factors:
-1

§¢'1 = H (q¢ +4jK2¢)‘

j=—(-1);
j=1-1 (mod 2)

This factorization is well defined, taking place inside the commutative associative
subalgebra Q,, of G-
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